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Abstract
Neutropenia, frequently a side effect of chemo- and radiotherapy, increases susceptibility to microbial infections and is a lifethreatening condition. For realistically predicting drug treatment effects on granulopoiesis, we have constructed a new mathematical
model of granulopoiesis in the bone marrow and in the peripheral blood, featuring cell cycle phase transition and detailed
granulocyte-colony stimulating factor (G-CSF) pharmacokinetics (PK) and pharmacodynamics (PD), including intracellular second
messenger. Using this model, in conjunction with clinical results, we evaluated the system parameters, implemented those in the
model and successfully retrieved the results of several independent clinical experiments under a wide range of G-CSF regimens. Our
results show that the introduction of G-CSF-controlled intracellular second messenger is indispensable for precise retrieval of the
clinical results, and suggest that the half-life of this messenger varies between a single and multiple G-CSF administration schedules.
In addition, our model provided reliable steady-state, as well as dynamic, estimations of human granulopoiesis parameters. These
included an estimation of apoptosis index in the post-mitotic compartment, which corroborates previous results. At present the
model is used for suggesting improved drug regimens.
r 2005 Elsevier Ltd. All rights reserved.
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1. Introduction
Formation of granulocytic leucocytes (also called
polymorphonuclear cells—PMN, or neutrophils) from
pluripotent hematopoietic stem cells in the adult bone
marrow (BM) is denoted by Granulopoiesis (see detailed
description in Hoffman, 2000). Granulopoiesis is
initiated when pluripotent stem cells perform several
steps of division and commitment, which are recognized
phenotypically as transition through progenitor subcompartments (CFU-GM, CFU-G). Granulocytic proCorresponding author. Tel.: 972 3 9733075; fax: 972 3 9733410.
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genitors, originated from BM pluripotent stem cells,
differentiate into precursor cells, which constitute three
microscopically discernable sequential sub-compartments: myeloblasts ðM 1 Þ; promyelocytes ðM 2 Þ and
myelocytes ðM 3 Þ: Still capable of proliferation, these
three sub-compartments can be regarded as a mitotic
compartment. During further differentiation myelocytes
sequentially become metamyelocytes, band granulocytes, and segmented—fully mature—granulocytes
(PMNs). As these cells cannot proliferate they can be
regarded as one post-mitotic compartment (PMC). Postmitotic granulocytes enter the peripheral blood and into
the tissues, where they function as an antimicrobial
shield.
One of the most important regulators of granulopoiesis is the hormone granulocyte-colony stimulating
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factor (G-CSF) (reviewed in Kuwabara et al., 1996a). It
stimulates the proliferation of neutropenic progenitor
cells, their differentiation into granulocytes, and accelerates the release of neutrophils from the PMC into the
blood.
Recombinant human G-CSF (rhG-CSF) is used for
therapy of neutropenia, which is one of the most
frequent and dose-limiting side-effects of chemotherapy
and radiotherapy (Rolston, 2000; Rahman et al., 1997).
However, rhG-CSF clinical administration schedule is
determined by an inefﬁcient method of trial-and-error.
In contrast, by carefully describing granulopoiesis in a
mathematical model and implementing the model in the
computer, one will be able to simulate granulopoiesis
under different drug schedules in silico, and, subsequently, propose improved drug treatments, to be
further validated in clinical trials.
Several mathematical models of granulopoiesis were
proposed in the last decades. Rubinow and Leibowitz
(1975) suggested a model, which includes proliferative
and maturing compartments with a cell cycle structure. The control of proliferation and maturation
rates was assumed to be mediated by a simpliﬁed
negative feedback of the total number of cells in the
lineage and the number of PMNs in the blood. This
model does not allow for speciﬁc growth-factor effect
(which were yet unknown) and, hence, cannot be
employed for investigation of G-CSF-driven granulopoiesis.
Models of human granulopoiesis proposed in Fliedner et al. (1996) and Steinbach et al. (1980) are
characterized by fractional proliferation and maturation
rates. Proliferation rate depends on BM cellularity,
while inﬂow from the BM to blood depends on
granulocyte releasing factor (GRF—former name of
G-CSF). GRF production rate depends on PMN count
in blood, while clearance is fractional. The authors
simulate the dynamics of post-radiation BM injury.
Another model (Schmitz et al., 1990, 1993) resembles the
previous ones, with two important distinctions: (a)
proliferation rate depends on G-CSF; (b) de-margination of PMNs (transition from the marginal into
circulating pool) is introduced as an additional GCSF-dependent phenomenon. Using this model the
authors were able to simulate the effect on PMN count
of several days of treatment of G-CSF. Mackey (1997)
proposed a general model of granulopoiesis with
distributed delayed feedback of PMN count on inﬂow
of cells from the BM into blood and no explicit
description of different BM compartments. Stability
analysis and cyclic neutropenia retrieval were successfully performed. Recently, granulopoiesis models have
been put forward by Shochat et al. (2002) and Ostby et
al. (2003), which were aimed at retrieving PMN blood
count dynamics in patients who had undergone BM
transplantation experiments.

For being clinically implementable, models of human
granulopoiesis have to be evaluated by their ability to
accurately retrieve several, independent, detailed experiments, such as de Haas et al. (1994) and Chatta et al.
(1994). Moreover, having a potential effect on the
overall dynamics, drugs’ differential interaction with
different cell-cycle phases should be taken account of in
such models. As the aforementioned models do not
allow for cell-cycle phase transition and detailed G-CSF
dynamics they cannot satisfy these requirements and,
therefore, cannot precise administration schedules of GCSF and cell-cycle phase-speciﬁc chemotherapeutic
agents.
The aim of the present work is to put forward a
retrospectively validated granulopoiesis model to be
used in clinical and pharmacological decision-making.
To this end we ﬁrst provide a detailed mathematical
description of human granulopoiesis, including local
and hormonal (G-CSF) feedback control.
Our new granulopoiesis model, incorporates most of
available experimental information on granulopoiesis
dynamics in man including G-CSF secretion, diffusion,
clearance and interaction with different cell compartments. In order to increase its realism and prediction
accuracy, we introduced in the model several new
properties, which distinguish it from previously published models.
The model features explicit cell-cycle structure in the
mitotic compartment and receptor-mediated G-CSF
clearance with realistic experimentally-based values of
receptor dynamics. The cell-cycle structure enables
incorporation of experimental data on cell-cycle phase
distribution in different BM compartments as well as
radioactive labelling experiments. Moreover, introduction of cell-cycle structure provides a basis for deliberate
analysis of chemotherapy-induced toxicity to granulopoiesis, as many of these drugs are cell-cycle phase
speciﬁc.
The constructed model is employed for evaluating
physiological parameters of granulopoiesis dynamics, by
a curve-ﬁtting process based on a variety of in vivo
experiments. Subsequently, these parameters values are
implemented in the mathematical model to enable its
validation and comparison to real life results. Having
been validated the model is currently used for suggesting
minimally toxic schedules of chemotherapeutic drugs
monotherapy and optimal combination of these drugs
with G-CSF.

2. Methods
2.1. Modelling granulopoiesis
The model of granulopoiesis is formulated as a system
of differential equations describing cell numbers and
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protein concentrations (G-CSF and G-CSF receptors).
The cell equations include terms of proliferation
and loss (including cell-cycle structure) and transition between differentiation compartments. Tables 2
and 3 (Appendix C) summarize notations and description of model variables and parameters, respectively.
Previously published models of granulopoiesis considered net proliferation rate, which can change
instantaneously according to hormone concentration
and cellularity. In contrast, in our physiologically-based
approach we model the mitotic compartment by
considering the cell-cycle phases, and assuming that
the hormonal and micro-environmental feedbacks control the commitment of cells in G1 -phase to proceed to
S-phase. Doing so, we aim at increasing the realism of
the model and at its consequent validation by retrieving
experiments where phase-speciﬁc labelling or chemotherapy were applied.
Lacking empirical data on feedback control mechanisms of mitotic cells differentiation we made a reasonable assumption that the transition rates in the ﬁrst two
mitotic sub-compartments are not affected by G-CSF
and that the transition rate of the third mitotic subcompartment depends both on its cellularity and on the
concentration of G-CSF (see Section 2.1.2).
The validity of these assumption is supported by
experimental BM and blood data (Chatta et al., 1994;
Price et al., 1996).
2.1.1. Modelling granulopoiesis in BM
Due to the shortage of reliable quantitative data on
dynamics of the earlier progenitor cells in human, and
since our preliminary work suggests that such assumption does not compromise the precision of the model’s
predictions, we simplify stem cell and progenitor
dynamics and represent them by a constant inﬂow of
precursors into the myeloblast sub-compartment. This
assumption is especially plausible in view of recent
experimental data, which show no effect of prolonged
G-CSF administration on stem and progenitor cells
dynamics in primates (Kuramoto et al., 2004). In our
model the number of cells of granulopoietic lineage in
the BM is taken as a function of proliferation, transition
between compartments and apoptosis rates. We introduce the effect of G-CSF on these three processes as
follows: It is assumed that G-CSF activates, through GCSF receptors, certain intracellular secondary messengers. We assume the existence of three such protein
messengers, denoted as xa ; x1 and x2 : xa mediates the
effect of G-CSF on the probability of mitotic cells to
undergo replication, while x1 and x2 mediate the effect
of G-CSF on the rate of maturation of post-mitotic cells
(see Sections 2.1.1, 3.1.2 and 3.1.3). These proteins are
stimulated by the level GðtÞ of G-CSF (at time t). We
chose Hill equation as a general form of the dose-effect
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curves for G-CSF and second messengers inﬂuence on
maturation and proliferation.
Suppose that the clearance rates of xa and x1 are aa
and a1 ; respectively. Then an ODE description for the
level xa ðtÞ and x1 ðtÞ of proteins xa and x1 is
dxi ðtÞ
GðtÞui
¼ li
 ai xi ðtÞ;
dt
GðtÞui þ G ui i

i ¼ a; 1.

(1)

x2 is regulated indirectly by G-CSF through the level
of x1 : Suppose that the clearance rate of x2 is a2 : Then
an ODE description for the level x2 ðtÞ of x2 is
dx2 ðtÞ
x1 ðtÞu2
¼ l2
 a2 x2 ðtÞ.
dt
x1 ðtÞu2 þ X up2

(2)

2.1.2. Transition between compartments
To describe cellular differentiation and maturation we
assume that individual cell transition from one compartment to the next occurs after undergoing sufﬁciently
many differentiation and maturation events, which
occur with frequency w.
If the waiting time between two consecutive events is
exponentially distributed, then the probability of a cell
to transit to the next compartment before age t spent in
the current compartment, is given by the Gamma
density function (See MacDonald, 1989):
Gðt; w; nÞ ¼

ðwtÞn ewt
w,
n!

(3)

where n þ 1 is the number of maturation events needed
for transition and w is their average frequency.
Note that the expected value of this distribution
nþ1
equals nþ1
w and the variance is w2 : This enables nearly
synchronized migration to blood at a certain age, say
t0 ð40Þ; by ﬁxing nþ1
w ¼ t0 and setting a large n (and
hence also w) such that the variance is sufﬁciently small.
Alternatively, simple fractional transition can be
obtained by setting n ¼ 0:
In the above description, the Gamma function
distribution covers a wide range of possible maturation
dynamics. Its additional advantage lies in the natural
and simple way to introduce G-CSF effect on maturation through acceleration of w (see below).
We divide the mitotic compartment into 3 subcompartments M i ; i ¼ 1; 2; 3:
The mitotic sub-compartments M 1 and M 2 are
characterized by a time-independent transit ﬂow
C i ðtÞ ¼ Gðt; wi ; ni Þ;

i ¼ 1; 2.

(4)

The distribution functions which correspond to the
density functions above are given by
Z t
ni
X
ðwi tÞj ewi t
; i ¼ 1; 2.
C i ðyÞ dy ¼ 1 
ji ðtÞ ¼
j!
y¼0
j¼0
(5)
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These are the probabilities to undergo n þ 1 maturation
events (and hence migrate to the next compartment) by
the age of t:
In the case of the M 3 mitotic sub-compartment and
the PMC, we represent the effect of G-CSF (whose level
at time t is GðtÞ) on the transition rates C i ðt; tÞ as
increasing the frequency of maturation events, w, as
follows

does depend on the level GðtÞ of G-CSF, through xa ðtÞ:

C i ðt; tÞ ¼ Gðt; wi ðtÞ; ni Þ;

2.1.4. Apoptosis
There is no agreement in literature about the
magnitude of apoptosis in PMC in the normal BM
(Mary, 1984). Quantitative in vivo information on
apoptosis during G-CSF administration is also lacking,
even though the anti-apoptotic effect of G-CSF on
neutrophils is well known in vitro (Cowling and Dexter,
1994). Therefore, we assume that cells in the PMC can
undergo apoptosis and evaluate its magnitude using
data on neutrophil dynamics during G-CSF administration. Apoptosis rate in the PMC decreases exponentially with increase in G-CSF, and also depends on the
post-mitotic cellularity when it rises above the normal
steady-state value (N s4 ).

i ¼ 3; 4.

(6)

The frequency w3 ðtÞ in M 3 mitotic sub-compartment is
given by
w3 ðtÞ ¼ maxfws3 ; w~3 ðtÞg,

(7)


nw
GðtÞ
Np
ðb þ e c Þ
þ W 3 ,
w~3 ðtÞ ¼ lw 1 þ
N 3 ðtÞ
nw ; lw ; b; c40,

ð8Þ

where N 3 ðtÞ is the total number of myelocytes at time t
and ws3 is a steady state value of w3 :
Eq. (7) guarantees that w3 ðtÞ does not decrease below
the steady state value. In Eq. (8), w~3 ðtÞ is an increasing
function of myelocytes cellularity level.
Being the main driving force for mature neutrophil
production in response to G-CSF stimulation, Eq. (8)
guarantees that myelocytes are being transferred to the
PMC faster when they are in abundance. This constraint
is important as it prevents excess of BM myelocytes
following repeated high doses G-CSF administrations,
thus enabling adequate response to each administration
(Chatta et al., 1994).
Eq. (8) introduces the direct effect of G-CSF on w3 ðtÞ:
This effect results in an immediate ﬂow of myelocytes
into the PMC in response to a sharp increase in blood
G-CSF concentration. Such an immediate reaction
should compensate for PMC depletion, which may be
caused by massive G-CSF-induced migration of postmitotic cells into blood, given the time-delay of the effect
of increased proliferation in mitotic compartment (due
to cell cycle duration).
Maturation frequency in the PMC is expressed as a
sum of the effects of short-lived and long-lived intracellular messengers, x1 ðtÞ and x2 ðtÞ; respectively:
m1

w4 ðtÞ ¼ m1

m2

x1 ðtÞ
x2 ðtÞ
þ W 4 ,
m 1 þ m2
m1
2
x1 ðtÞ þ X 1
x2 ðtÞm2 þ X m
2

m1 ; m2 40.

ð9Þ

2.1.3. Proliferation and cell-cycle
We unify the cell-cycle phases G 0 and G 1 and further
denote them G 1 : The rate of entrance of cells in the
mitotic sub-compartments into the S-phase (denoted by
Ai ðtÞ; i ¼ 1; 2; 3) is assumed to be age-independent. It

Ai ðtÞ ¼ bi

xa ðtÞl i
xa ðtÞl i þ X lai

þ Ai ;

l i 40; i ¼ 1; 2; 3.

(10)

Here bi þ Ai is the maximal rate of transition into the
S-phase in compartment i. Ages are reset to zero upon
compartment transition. Only cells in G 1 phase can
transit to the next compartment.

hðtÞ ¼ H

eZGðtÞ
Ns

d þ ðmaxfN s 4;N 4 ðtÞgÞnh

.

(11)

4

2.1.5. Age equations
The amounts of cells in each compartment i at time t,
N i ðtÞ areR given by the age functions ci ðt; tÞ; such that
1
N i ðtÞ ¼ t¼0 ci ðt; tÞ dt; where the subscripts i ¼ 1; 2; 3
correspond to the mitotic sub-compartments and i ¼ 4
to the PMC. With the above notation, we formulate the
following differential equations for the age functions
ci ðt; tÞ:
2.1.5.1. Mitotic compartment. We put forward timedelay equations for the different cell-cycle phases of the
mitotic sub-compartments, under the aforementioned
assumptions. The total duration of phases S, G 2 and M
is taken as a constant T c :
Let cri ðt; tÞ; cci ðt; tÞ denote the numbers of resting (G0
and G1 ) and cycling (S, G 2 and M) cells, respectively, of
age t at time t in the ith mitotic sub-compartment ði ¼
1; 2; 3Þ:
ci ðt; tÞ ¼ cri ðt; tÞ þ cci ðt; tÞ.

(12)

Note that the age functions ci ð; Þ are non-zero
only when their ﬁrst component (corresponding to the
age) is nonnegative. The equation for resting cells is


qcri ðt; tÞ qcri ðt; tÞ
C i ðtÞ
þ
¼ Ai ðtÞ 
c ðt; tÞ
1  ji ðtÞ ri
qt
qt
1
þ Inf M!G
ðt; tÞ.
i

C i ðtÞ
Þ
ð1j
i ðtÞ

ð13Þ

is designed so that in the
The transition rate term
absence of any other effect (proliferation, apoptosis,
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etc.) the solution of the equation is
csi ðtÞ

¼

inf s!i ½1



jsi ðtÞ

.

(14)

The term Ai ðtÞ is the outﬂow from the G 1 phase into the
1
S phase and Inf M!G
ðt; tÞ is the inﬂow from the Mi
phase to G 1 ; which equals twice the inﬂow from G 1 to Sphase at t  T c
1
Inf M!G
ðt; tÞ ¼ 2Ai ðt  T c Þcri ðt  T c ; t  T c Þ.
i

(15)

As mentioned above, cells of age 0 are those who
entered the next compartment, therefore following
boundary condition is applied
Z 1
C i1 ðtÞ
cri1 ðt; tÞ dt; i ¼ 2; 3
cri ð0; tÞ ¼
(16)
t¼0 1  ji1 ðtÞ
and
cr1 ð0; tÞ ¼ Inf ST .

(17)

The term Inf ST is the inﬂow of progenitors into the ﬁrst
mitotic sub-compartment. It is assumed to be constant
and independent of G-CSF concentration.
An expression for cycling cells reﬂects the inﬂow from
G 1 during the past T c time units:
Z t
cci ðt; tÞ ¼
Ai ðyÞcri ðt  t þ y; yÞ dy,
(18)
y¼tT c

process and assume that each of the G-CSF–G-CSF
receptor complexes is irreversibly destined for internalization. Consequently, the relevant chemical reaction
is reduced to
G þ r ! q.

(22)

Therefore, receptors dynamics can be described using
their age distribution as follows:
X Z 1
rðtÞ ¼ rb ðtÞ þ
ri ðt; tÞ dt,
(23)
i¼1;2;3;4

The boundary condition c4 ð0; tÞ corresponds to the
total amount of cells transiting from the third mitotic
sub-compartment:
Z 1
C 3 ðtÞ
c4 ð0; tÞ ¼
c ðt; tÞ dt.
(20)
1

j3 ðtÞ r3
t¼0
2.1.6. G-CSF dynamics
Based on animal data (Liu and Tang, 1997), we
assume that G-CSF concentration GðtÞ is the same in the
blood and in the BM. G-CSF interaction with its
receptor is essentially described by the chemical
association-dissociation reaction
G þ r2q ! internalization,

(21)

where r; q denote the amounts of the free and bound GCSF receptors, respectively. Kuwabara et al. (1996b)
estimated experimentally that rate of bound receptor
internalization is at least an order of magnitude higher
than the rate of receptor-ligand dissociation. This
enabled us to neglect the receptor-ligand dissociation

t¼0

where ri ðt; tÞ is the amount of free receptors on cells of
age t in compartment i and rb ðtÞ is the amount of free
receptors in the blood, all given at time t.
In addition to the association–dissociation process,
we assume constant production of free receptors in each
compartment. Equations for free receptors in each BM
compartment are:
drb ðtÞ
¼  k1 rb ðtÞGðtÞ  ab rb ðtÞ þ nN b ðtÞ
dt
Z 1
C 4 ðt; tÞ
þ
r4 ðt; tÞ dt,
1

j4 ðt; tÞ
t¼0
qr4 ðt; tÞ qr4 ðt; tÞ
C 4 ðt; tÞ
r4 ðt; tÞ
þ
¼  k1 r4 ðt; tÞGðtÞ 
qt
qt
1  j4 ðt; tÞ

þ nc4 ðt; tÞ  hðtÞr4 ðt; tÞ,

where index y runs over the time of entrance to the S
phase.
2.1.5.2. Post-mitotic compartment (PMC). The terms
of the PMC equation are cell loss due to apoptosis and
transition to the blood


qc4 ðt; tÞ qc4 ðt; tÞ
C 4 ðt; tÞ
þ
¼ hðtÞ 
c ðt; tÞ.
qt
qt
1  j4 ðt; tÞ 4
(19)
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qri ðt; tÞ qri ðt; tÞ
þ
qt
qt
¼ k1 ri ðt; tÞGðtÞ 

C i ðtÞcri ðt; tÞ
ð1  ji ðtÞÞ ci ðt; tÞ

ri ðt; tÞ þ nci ðt; tÞ;

i ¼ 1; 2; 3.

ð24Þ

Initial conditions (receptors amount at age t ¼ 0) for the
BM compartments are:
Z 1
C i1 ðtÞcri1 ðt; tÞ
ri1 ðt; tÞ dt,
ri ð0; tÞ ¼
t¼0 ð1  ji1 ðtÞÞci1 ðt; tÞ
i ¼ 2; 3; 4,
r1 ð0; tÞ ¼ 0.

ð25Þ

The equation for G-CSF concentration is
dGðtÞ
¼ Prod þ AdmðtÞ  k1 rðtÞGðtÞ  aG GðtÞ,
dt
where







(26)

k1 is receptor association rate.
Prod and AdmðtÞ are the internal production and the
administered G-CSF respectively. We assume that the
internal G-CSF production is constant. aG is the nonspeciﬁc elimination rate of G-CSF by the kidneys (see
below).
N b ðtÞ is the total number of cells in blood.
n is the rate of production of free receptors by a cell,
which is also assumed to be constant.
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We have estimated the non-speciﬁc clearance rate aG
using clinical results (Shimazaki et al., 1995) where GCSF was administered subcutaneously (at time t ¼ 0) to
patients who had undergone a massive chemotherapy
treatment. At that stage both blood and BM were
depleted of neutrophils and, hence, it is assumed that no
speciﬁc clearance of G-CSF occurs. Eq. (26) reduces to
the equation:
dGðtÞ
¼ Prod þ AdmðtÞ  aG GðtÞ.
dt

(27)

We assume ﬁrst order absorption from the injection site
with absorption rate aabs : Denoting the ratio of injected
dose to the volume of distribution by Z0 ; we obtain an
expression for AdmðtÞ (which is in fact the inﬂow of
exogenous G-CSF to the blood)
AdmðtÞ ¼ aabs Z 0 eaabs t .

(28)

A solution to Eq. (27) is given by
GðtÞ ¼

Prod
aabs Z0 aabs t
þ
e
aG
aG  aabs


Prod
aabs Z 0
þ Gð0Þ 

eaG t .
aG
aG  aabs

ð29Þ

2.1.7. Modelling granulopoiesis in blood
The neutrophil number in the blood is represented by
the ODE:
dN b
¼ ab N b þ Inf !b ðtÞ,
dt

(30)

where ab is fractional loss of blood neutrophils (Dancey
et al., 1976), and inﬂow into the blood Inf !b ðtÞ from the
PMC is
Z 1
C 4 ðt; tÞ
Inf !b ðtÞ ¼
c4 ðt; tÞ dt.
(31)
t¼0 1  j4 ðt; tÞ
We adopt experimental results, which demonstrate
that G-CSF does not affect neutrophil dynamics in
blood (Price et al., 1996).

berg algorithm for ﬁtting model computation output to
the respective clinical results taken from the literature.
In case of a system of several analytically unresolvable
differential equations, they were transformed into
difference equations and the behavior of the system
was simulated using a computer program written in
C++ under Visual studio. NET environment.
It can be easily seen that the positivity of the solution
of all differential equations in the model for all t is
guaranteed if the initial values of the model state
variables are not negative, and Ai ðtÞ and wi ðtÞ are
positive for all t. During parameter evaluation procedure positivity of these functions was imposed. The
biological and pharmacokinetics (PK)/pharmacodynamics (PD) parameters were iteratively adjusted within
the range of potential real-life values, so as to most
accurately retrieve the experimental results. To this end
we used the granulopoiesis simulation model described
above, empirical data (see Results section for details),
and an efﬁcient search algorithm (e.g. modiﬁed Powell’s
conjugate directions method, Brent, 1973; Press et al.,
1993). Once human granulopoiesis parameters were
evaluated, they were implemented in the model and its
predictions were compared with experimental results.
Additionally, to check a general behavior of the system
we have run simulations of the resultant model under
wide range of physiologically relevant initial conditions
and external perturbations including administration of
different doses of G-CSF and elimination of different
fractions of BM cells (data not shown). Ai ðtÞ and wi ðtÞ
did not approach zero values during these simulations.
Moreover, in case of the application of initial values of
the variables within the normal physiological ranges
(Table 2, see Appendix C) under the aforementioned set
of parameters (Table 3, see Appendix C), the system
returned to its initial state after all perturbations
examined.

3. Results

2.2. Model validation procedure

3.1. Parameter evaluation

The system of equations (1,2,7–11,13,15,16,19,
24–26,30) and (31) constitute the model of human
granulopoiesis, which was further analysed in this work.
This system was not amenable either to analytic solution
or to rigorous steady state analysis. Consequently, the
analysis was restricted to numerical simulations of
system behavior under a range of biologically plausible
values of the parameters. To validate the prediction
accuracy of the described mathematical model it was
ﬁrst required to evaluate the model’s parameters in
humans, by a ‘‘curve ﬁtting’’ process. In case of
adjustment of up to 4 parameters in an explicitly
formulated equation, we used the Marquardt—Leven-

Granulopoiesis parameters that are essential to the
model, were evaluated by ﬁtting the simulation results to
clinical data, as follows: Absorption of G-CSF and its
non-speciﬁc clearance rates were evaluated from experimental data of G-CSF PK in severely neutropenic
patients; steady-state compartment sizes and transition
functions in post-mitotic and M 3 compartments, as well
as steady-state proliferation fraction in M 3 were
evaluated from radioactive labelling experiments in
patients with intact granulopoiesis; parameters of GCSF PD in the post-mitotic compartment were evaluated from blood neutrophil counts and G-CSF concentrations in healthy volunteers following a single
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G-CSF administration; other parameters of G-CSF PD
and parameters of G-CSF speciﬁc clearance were
evaluated from blood neutrophils and BM data in
healthy volunteers following multiple G-CSF administrations. Evaluated parameters are summarized in Table
3, which also presents published data for parameters
and steady state variable values, previously evaluated
experimentally. The precision of these estimations was
manifested while using the model to retrieve experimental data, as described hereafter.
3.1.1. Absorption and non-specific clearance rate of GCSF
In Fig. 1 we show the curve ﬁtting of our model to
clinical results in Shimazaki et al. (1995), where G-CSF
concentration in blood was followed in severely
neutropenic patients after a single subcutaneous injection of G-CSF. The values of aabs and aG ; which were
obtained by ﬁne-tuning the model parameters to results
of the clinical experiment are presented in Table 3. These
40
35
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30
25
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5
0
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5

10

15

20

25

days
Fig. 1. Model retrieval of G-CSF concentration in blood (in ng/ml)
following a single subcutaneous injection to two severely neutropenic
patients. Non-speciﬁc clearance and absorption rates of G-CSF were
evaluated; circles—experimental data from Shimazaki et al. (1995),
line—best ﬁt of the mathematical model using Eq. (29). Evaluated
parameters are listed in Table 3.
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parameters were used in further parameter evaluation
(see below).
3.1.2. Myelocytes ðM 3 Þ and postmitotic compartments in
steady-state
In (Fig. 2) Steinbach et al. (1979), mitotic cells were
continuously labelled (from time t ¼ 0; say) with H 3 —
thymidine in two brain cancer patients (no involvement
of BM by the disease), and the appearance of labelled
PMNs in the peripheral blood was followed between
t ¼ 100 h and t ¼ 300 h following the injection. We ﬁtted
our model parameters to these experimental curves. Our
results show that Gamma distribution of maturation
events can ﬁt the experimental data with high precision
and that the dynamics of radioactivity in the blood of
these patients depends solely on 3 parameters (see below
and Appendix B). The radioactivity index is given in
Steinbach et al. (1979) as percentage of the maximal
index. We assume that from time t ¼ 0 all cells entering
the PMC are labelled.
We ﬁtted the curves in Steinbach et al. (1979) with Eq.
(B.9) (see also methods section). Note that the
parameters ws4 ; hs ; representing the frequency of maturation events in the PMC and the apoptosis rate (both at a
steady-state), cannot be resolved separately. Note also
that the value of ab was taken from Dancey et al. (1976).
We calculated average transit-time in the post-mitotic
compartments according to Eq. (A.13) to be 124 and
131 h for each patient respectively.
In addition, we used another independent experiment
(Cartwright et al., 1964) in conjunction with data on
cellularity levels of the different BM compartments
(Dancey et al., 1976), for evaluating the transit-time of
the myelocytic compartment and the total number of
cells in the myelocyte, post-mitotic and blood compartments, and for testing the generality of our previous
evaluation of post-mitotic parameters. In this experiment healthy volunteers were injected by DFP32 ; for
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Fig. 2. Simulation of continuous labelling of granulocytes with H 3 —thymidine. Circles represent experimental data from Steinbach et al. (1979): two
brain cancer patients received continuous intravenous infusion of radioactive thymidine from time t ¼ 0; followed by repetitive measurements of
PMN-associated radioactivity in blood in relative units. The broken line represents the ﬁt of the model using Eq. (B.9). x-axis is in hours, y-axis—
PMN-associated blood radioactivity index relative to maximal.
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Fig. 3. Simulation of granulocytes pulse labelling with DFP32 :
Experimental data of granulocytes pulse labelling in human healthy
volunteers were taken from Cartwright et al. (1964) (—). The pulse was
applied at time t ¼ 0: Ratio of labelled to non-labelled blood
neutrophils over time is presented. Model parameters of post-mitotic
and myelocyte compartments were evaluated by best ﬁt to the data (- - -)
(see text).

labelling blood neutrophils, post-mitotic cells and
myelocytic cells. The ratio of labelled to total blood
neutrophils had been monitored over time (Fig. 3). We
then evaluated the model parameters sequentially
according to Cartwright et al. (1964). The resultant best
ﬁt curve is displayed in Fig. 3.
The ﬁrst rapid descent of the curve in Fig. 3
corresponds to the disappearance of labelled blood
neutrophils, whose labelling intensity is 4 times higher
than in BM. PMN turnover rate in blood was taken
from Dancey et al. (1976), and it resulted in a very good
ﬁt. The best ﬁt of the plateau and second descent parts
of the curve was achieved with post-mitotic transit-time
of 180 h, which is signiﬁcantly longer than 130 h estimate
obtained from ﬁtting Steinbach et al. (1979). Unable to
resolve this discrepancy, we assumed an intermediate
value of 168 h (7 days) as the post-mitotic time in further
parameter evaluation, which is very close to 6.6 days
estimation in Dancey et al. (1976). We also estimated the
fraction of cells undergoing apoptosis in the post-mitotic
compartment at steady-state. This fraction was calculated as unity minus ratio between outﬂow and inﬂow in
PMC (see Section A.1 Eq. (A.7)). The resultant value
was 57%.
3.1.3. Granulopoiesis parameters under G-CSF
administration
3.1.3.1. Granulopoiesis under single G-CSF administration. In this section, we reproduced clinical results
reported in de Haas et al. (1994), where four healthy
volunteers received subcutaneously a single dose of
300 mg G-CSF; PMN cells and G-CSF concentration in
peripheral blood were followed for 4 days post injection.
Price et al. (1996) demonstrated that after prolonged
administration of such a G-CSF dose, cells labelled in
the mitotic compartment enter blood after 48 hours, or
more. Thus, we assumed a constant (or zero) inﬂow

from M 3 into the post-mitotic compartment during this
period. This assumption enabled to restrict the searched
parameters to those of PMC only. The experimental
results were simulated using Eqs. (9), (11), (19), (30),
(31), with normal steady-state cell distribution derived in
Section 3.1.2 as an initial condition. In this simulation
we used experimentally measured concentrations of GCSF, as reported in the original article (de Haas et al.,
1994).
When comparing the simulation results of the present
experiment with G-CSF and blood neutrophil data in de
Haas et al. (1994), one notes an 8 h delay between the
peaks of blood neutrophils and G-CSF concentration.
Moreover, a delay of 3 days can be observed between
baseline recovery timings of neutrophils and G-CSF.
Consequently, it is not surprising that experimental
curve could not be retrieved when G-CSF effect on w4 ðtÞ
was initially modelled as direct function of blood G-CSF
concentration (Fig. 4). This result led us to conclude
that G-CSF has a signiﬁcant cumulative effect on the
post-mitotic compartment. Making this assumption, the
half-life of x1 was set within the experimental half-life
range of STATs (Siewert et al., 1999), while longer halflife of x2 corresponds to induction of late proteins
downstream to activated STATs. Data in de Haas et al.
(1994) were best ﬁtted when clearance rate of long-living
messenger ða2 Þ was very slow ð0:008 hourÞ (Fig. 4).
3.1.3.2. Granulopoiesis under multiple G-CSF administration. In order to test generality of the granulocyte
dynamic parameters, which were assessed using clinical
results of a single G-CSF dosing, we also applied our
model to experimental data of multiple G-CSF administrations, provided by Chatta et al. (1994). In this trial
rhG-CSF was administered daily to healthy young and
elderly volunteers during 14 days. Two doses (30 or
300 mg per day) of rhG-CSF were given to randomized
groups of volunteers and their blood neutrophils were
X baseline of blood neutrophils

labeled/total number of blood neutrophils
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Fig. 4. Simulation of blood neutrophil dynamics following a single
dosing of G-CSF. A dose of 300 mg of rhG-CSF was administered
subcutaneously to healthy volunteers (de Haas et al., 1994), followed
by sequential measurements of blood PMN counts (—). Parameters of
the post-mitotic compartment were evaluated both when the granulopoiesis model assumed (- - -) or ignored (. . .) the cumulative effect of
G-CSF by intracellular second messenger (see text).
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effect stems from a2 being relatively low in the singledose case and relatively high in multiple dose case. This
corresponds to prolonged half-life of the second
messenger in the single dose case, as compared to the
multiple-dose case, where there is relatively rapid
decrease of neutrophil counts after the peak. Therefore,
we now performed a new, independent, evaluation of all
the parameters, including a2 for the multiple dose
scenario. Data in Chatta et al. (1994) were best ﬁtted
by our model when a2 was very fast ð0:2 hÞ (see Fig. 5).
The meaning of this result is that the assumption of
prolonged half-life of the second messenger is essential
for reproducing a single G-CSF regimen, while short
half-life is necessary in case of multiple administrations.
However, in order not to make the model unnecessarily
complex, we used an intermediate value of a2 in order to
retrieve further results of single, as well as multiple,
treatment schedules. The results shown in Fig. 6 suggest
that this intermediate value still enables curve ﬁtting of
appreciably high precision of both single and multiple
administrations of G-CSF.

counted during 15 days. Parameters of G-CSF and GCSF receptor dynamics were taken from the literature
(see Table 3), with the exception of absorption rate from
the injection site and non-speciﬁc clearance, which were
retrieved separately (Section 3.1.1). Mean post-mitotic
transit-time was allowed to ﬂuctuate between steadystate value of 7 days (3.1.2) and minimal value of 2 days
(as evaluated in Price et al. (1996)).
Results show that when the post-mitotic compartment
parameters, derived in Section 3.1.3, are employed in the
multiple dosage scenario, they fail to reproduce the daily
ﬂuctuations in PMN count seen in Chatta et al. (1994)
(data not shown). Our results further suggest that this
X baseline of blood neutrophils
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3.2. Validation of model predictions

16

days

The model’s predictions were validated by their
comparison to new sets of published experimental data.
The ﬁrst validation experiment involved the volunteers
described in Chatta et al. (1994). These subjects had
undergone BM biopsies at days 0 and 7 of G-CSF
administration, as well as pulse labelling of proliferative
X-baseline of blood neutrophilis

X-baseline of blood neutrophilis

Fig. 5. Simulation of blood neutrophil dynamics following multiple
rhG-CSF dosings. Thirty microgram per day of rhG-CSF was
administered subcutaneously to healthy volunteers (Chatta et al.,
1994), followed by sequential measurements of blood PMN counts
every 24 h for the ﬁrst 8d, and every 12 h for additional 7d (—). Model
parameters were evaluated by ﬁt to this curve only (- - -).

16
14
12
10
8
6
4
2
0
0

2

4

6

8

10

12

14

16

6
5
4
3
2
1
0
0

2

4

6

8

10

12

14

16

days
X-baseline of blood neutrophilis

days
12
10
8
6
4
2
0
0

10

20

30

40

50

60

days
Fig. 6. Simultaneous simulation of multiple and single G-CSF administration. Upper panel: multiple G-CSF administration. See Fig. 5 for details;
left: 300 mg=d: right: 30 mg=d: Lower panel: single G-CSF administration. See Fig. 4 for details. Parameters were evaluated simultaneously for all
three data sets. Experimental data (—). Model prediction (- - -).
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Fig. 7. Simulation of pulse labelling of granulocytes by H 3 —thymidine. Healthy volunteers were injected by H 3 —thymidine before, as well as 5d
following, the onset of daily administration of 30 mg=d G-CSF. Index of PMN-associated radioactivity in blood was subsequently measured for
several days (Price et al., 1996) (—). Model prediction (- - -) is presented versus real-life measurements. G-CSF left: day 0. right: day 5.
Table 1
Simulation of BM granulocyte counts following G-CSF administration

1400

Compartment

1000

Simulation

1
3.5
2.7
1.3

1
3
1.7
1.3

1200

GCSF (pM)

Myeloblasts
Pro-myelocytes
Myelocytes
Post-mitotic

Experimental data

800
600
400
200

Volunteers described in Chatta et al. (1994) underwent BM biopsies at
days 0 and 7 following administration of 300 mg=d G-CSF. Model
predictions can be compared to experimental measurements of total
cellularity in each of the marrow compartments relative to the steadystate level.

granulocytes with H 3 —thymidine; radioactive granulocytes were monitored in blood starting on days 0 or 5
(Price et al., 1996). We validated the precision of our
model predictions by simulating the above experiment
using the parameters evaluated simultaneously by the
experimental results in Chatta et al. (1994) and de Haas
et al. (1994) and comparing the predictions with
experimental results. To this end we introduced in the
model H 3 —thymidine labelling as similar, instantaneous, labelling of all S-phase cells in the BM and
reduction of labelling-intensity per cell upon cell
division. As can be seen in Fig. 7 and Table 1 predictions
of our model are very close to the experimental data.
The delayed radioactivity peak at steady-state appearing
in Fig. 7 (left) is due to our use of intermediate postmitotic transit-time estimate (between Price et al. (1996)
and Cartwright et al. (1964)). One notices, also, that the
radioactivity wave in blood lasts somewhat longer in the
experiment than it does in the simulation (Fig. 7 right).
This difference is attributable to the re-uptake of H 3 —
thymidine by BM cells (Mary, 1984), which was ignored
in the model.
We compared the simulation results of G-CSF
concentration following a single G-CSF dosing with
the experimental curve in de Haas et al. (1994). The
results (see Fig. 8) are in a good agreement with
experiment.
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Fig. 8. Simulation of G-CSF PK. Blood G-CSF concentrations were
experimentally measured following subcutaneous administration of
single 300 mg G-CSF dosing (de Haas et al., 1994) (—). Model
predictions (- - -) can be compared with experiment.

In addition, we estimated the mean number of G-CSF
receptors per blood neutrophil at steady-state conditions. Our model prediction gave value of 2200, which is
also very close to experimental results in human (Shinjo
et al., 1995).

4. Discussion
The granulopoiesis model we constructed in this work
accurately retrieved various clinical results including
radioactive labelling experiments and different G-CSF
administration regimens. We show that the experimental
curves of G-CSF PD could not be retrieved by the
model simulations without assuming a long-lasting
cumulative G-CSF effect. This effect was modelled by
introducing intracellular second messenger as a mediator of cellular effect of G-CSF. It should be noted that
this result is corroborated by experiments: it is well
known that G-CSF effect is mediated by STAT family
of transcription factors (Siewert et al., 1999; McLemore
et al., 2001; Dong et al., 1998). We believe that this
cumulative effect of G-CSF had been ignored in
previous granulopoiesis models, since it was never
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attempted to employ such models for simultaneous
reproduction of the experimental PMN counts and GCSF concentration in blood. Our results suggest
prolonged half-life of the second messenger under a
single administration of G-SCF and shorter half-life
after prolonged G-CSF treatment. This phenomenon
can be explained by down-regulation of the second
messenger’s effect by its accelerated clearance, which is
plausible biologically based on the experimental data on
down-regulation of STAT proteins by speciﬁc intracellular domain of G-CSF receptor (Dong et al., 1998,
2001). Once quantitative data of this down-regulation
will be experimentally available, it can be incorporated
in the mathematical model.
Several authors attempted to estimate the magnitude
of ineffective granulopoiesis (apoptosis) in the postmitotic compartment by comparing blood neutrophil
turnover with BM neutrophil production. This estimation method has led to controversial results (reviewed in
Mary, 1984). It appears that the estimation precision of
the latter method is compromised by necessity to
evaluate several variables, that were not, or cannot be,
concurrently measured, such as PMC absolute size,
marginal pool of blood neutrophils and PMC transittime. For example, direct immuno-histological staining
of apoptotic cells in the normal BM shows that their
incidence is very low (1–5%) (Irvine et al., 1998; Ogawa
et al., 2000). However, in order to use this incidence for
calculation of ineffective granulopoiesis index (ratio of
outﬂow from PMC into blood to inﬂow from MC into
PMC) one must take into account ‘‘transit-time’’ of
apoptotic cell in BM as determined by the elimination
efﬁciency of apoptotic cells by BM macrophages, which
currently cannot be assessed experimentally. Another
example is the work of Mackey et al. (2003) who
evaluated both apoptosis-rate and elimination-rate of
apoptotic cells from the post-mitotic compartment using
steady-state experimental data in a simple mathematical
model. Note, though, that these authors’ calculations
could be compromised as they used anti-CD15 antibodies for staining post-mitotic compartment, while
these antibodies stain also to some degree dividing
granulocyte precursors (Iwasaki et al., 1999). Our model
of granulopoiesis is new in explicitly including G-CSFdependence of apoptosis in PMC neutrophil dynamics.
Our estimate of net steady-state apoptosis-rate is 57%,
based on the use of our model in conjunction with the
experimental data in de Haas et al. (1994) and Cartwright et al. (1964). Interestingly, it is very close to the
estimate of Mackey et al. (2003) despite the fact that we
used completely different type of data and quite
different mathematical model.
The good precision of our model predictions, which
has been retrospectively validated in this work, is
encouraging. At present we use this model for suggesting new regimens of chemotherapeutic and supportive
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drug therapy that will minimize the risks of neutropenia
in oncological patients.
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Appendix A. Steady-state equations
Since the system of equations describing granulopoiesis includes non-linear differential equations with delay
(mitotic compartment), formal mathematical analysis of
the system (including existence of steady-state and its
stability) is extremely difﬁcult. Consequently, we performed the following analysis of granulopoiesis at
normal steady-state. Firstly, we assumed a constant GCSF concentration (set at its normal concentration in
human) and calculated relationships between transition
and proliferation functions and compartment sizes.
These relationships were subsequently used for calculating steady-state parameters, based on the published
experimental data on compartments’ sizes. Here we
describe the relevant equations. Steady-state parameters
are denoted by superscript s.
We assume steady-state
1
2Inf iG1 !S ¼ Inf M!G
;
i

i ¼ 1; 2; 3.

(A.1)

Since multiplication of cells during mitosis is instantaneous we can write following expression for total
amounts of resting and cycling cells in the mitotic subcompartments
N sci =T c ¼ N sri Asi ;

i ¼ 1; 2; 3.

(A.2)

Given experimental values of fraction of G 1 phase
cells in mitotic compartments (see Table 1) we can
calculate Asi :
A.1. Transition and apoptosis in the postmitotic
compartment
At steady-state blood Eqs. (30) and (31) yield
N sb ¼

Inf s!b
ab

(A.3)

and
Inf s!b ¼

Z

C s4 ðtÞ
cs4 ðtÞ dt.
s
t¼0 1  j4 ðtÞ
1

(A.4)

In post-mitotic compartment age distribution at steadystate is the result of solution of the time independent
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version of Eq. (19):
s

cs4 ðtÞ ¼ inf s!4 eh t ½1  js4 ðtÞ
n4
s i ws4 t
s X ðw tÞ e
4
,
¼ inf s!4 eh t
i!
i¼0
where
inf s!4

¼

cs4 ð0Þ

Z
¼

ðA:5Þ

C s3 ðtÞ
csc3 ðtÞ dt
s
t¼0 1  j3 ðtÞ
1

(A.6)

is the steady-state inﬂow to PMC.
Putting together Eqs. (A.4) and (A.5) we obtain
Z 1
s
C s4 ðtÞ
s
inf !b ¼
inf s!4 eh t ½1  js4 ðtÞ dt
s
1

j
ðtÞ
t¼0
4
Z 1 s n4 ðhs ws Þt
4
ðw4 tÞ e
dt
¼ inf s!4 ws4
n4 !
t¼0

n4 þ1 Z 1
ws
¼ inf s!4 s 4 s
ðws4 þ hs Þ
w4 þ h
t¼0
s

s

½ðws4 þ hs Þt n4 eðh w4 Þt
dt
n4 !


n4 þ1
ws
¼ inf s!4 s 4 s
.
w4 þ h

¼

T s4 ¼

wnþ1 ðnþ1Þ R 1 ½ðhþwÞt nþ1 eðhþwÞt
ðh þ wÞ dt
ðnþ1Þ!
ðhþwÞnþ2 t¼0
.
R 1 ½ðhþwÞt n eðhþwÞt
wnþ1
ðh þ wÞ dt
n!
ðhþwÞnþ1 t¼0

n4 þ 1
.
ws4 þ hs

n4
X

ðws4 Þj
s
s jþ1
j¼0 ðh þ w4 Þ
"

n4 þ1 #
1
ws4
s
¼ s inf !4 1 
.
h
ðhs þ ws4 Þ

Appendix B. Continuous radioactive labelling at steadystate
The radioactivity index RIðtÞ (t is time from the
beginning of experiment) is computed as a convolution
between the inﬂow of labelled cells and their elimination
in the blood:
Z

t

RIðtÞ ¼
y¼0

Inf l!b ðyÞeab ðtyÞ dy.

ðA:8Þ

n4 þ 1
.
ws4

(A.9)

From Eqs. (A.3), (A.7) and (A.8) we get
By Eqs. (A.7) and (A.10) we get


hs n4 þ1 inf s!4
N s hs
1þ s
¼
¼1þ 4 s .
s
w4
inf !b
ab N b

(B.1)

The inﬂow Inf l!b ðyÞ of labelled cells to the blood at time
y under steady-state conditions is

Remark. If no apoptosis exists ðh ¼ 0Þ; the above
expression is simply

ab N sb ¼ Inf s!b ¼ Inf s!4  N s4 hs .

(A.13)

Note that for convenience we omit superscript ‘‘s’’
and subscript ‘‘4’’ of w, n and h in the interim equations.
Eqs. (A.11) and (A.13) enable to calculate ws4 and hs
given n4 ; N s4 ; ab ; N sb and T s4 : If hs is known, we
can compute Inf s!4 from Eq. (A.10). Calculated values
of Inf s!4 ; ws4 and hs were used in Sections 3.1.2
and 3.1.3.

Inf l!b ðyÞ

Z
¼

s

N s4 ¼ inf s!4

ðA:12Þ

ðA:7Þ

We develop Eq. (A.5), and make use of the normal
compartment size to explore the virtual parameters of
maturation.
For the PMC:
Z 1
s
s
n4 Z 1
X
ðws4 tÞj eðh w4 Þt
N s4 ¼
dt
cs4 ðtÞ dt ¼ inf s!4
j!
t¼0
j¼0 t¼0
Z 1 s
s
s
n4
X
ðws4 Þj
½ðh þ ws4 Þt j eðh w4 Þt
dt
¼ inf s!4
s
s j
j!
j¼0 ðh þ w4 Þ t¼0
¼ inf s!4

The number of cells at age t that migrate
into the
C s ðtÞ
blood from the PMC at steady-state is 1j4 s ðtÞ cs4 ðtÞ: Then
4
by Eq. (A.5) with substitution of js4 ðtÞ from Eq. (5) we
have
R1
R 1 ðwtÞnþ1 eðhþwÞt
C 4 ðtÞ
dt
t¼0 t 1j4 ðtÞc4 ðtÞ dt
s
n!
T 4 ¼ R 1 C 4 ðtÞ
¼ R t¼0
1 ðwtÞn eðhþwÞt
w dt
t¼0 1j4 ðtÞc4 ðtÞ dt
t¼0
n!

(A.10)

(A.11)

Let T s4 be the average steady-state transit-time of the
PMC deﬁned as average age of post-mitotic cells that
enter the blood. Then it can be calculated in the
following manner.

y

C 4 ðtÞ
c ðtÞ dt.
1

j4 ðtÞ 4
t¼0

(B.2)

The cells in this equation are of post-mitotic age which
does not exceed y; This provides that they entered the
PMC not before t ¼ 0 and are thus labelled.
Substitute (A.5) in (B.2):
Inf l!b ðyÞ ¼

Z

y
t¼0

C 4 ðtÞInf s!4 eht dt.

(B.3)

Substitute in (B.1) using (3), (4)
Z

t

eab ðtyÞ

RIðtÞ ¼
y¼0

Z


ðw4 tÞn4 eðw4 þhÞt
w4 Inf s!4 dt dy.
n4 !
t¼0
y

ðB:4Þ

ARTICLE IN PRESS
V. Vainstein et al. / Journal of Theoretical Biology 234 (2005) 311–327

Solving the inner integral we obtain
Z t
wn44 þ1
RIðtÞ ¼ Inf s!4
eab ðtyÞ
ðw4 þ hÞn4 þ1
y¼0
"
#
n4
X
½ðw4 þ hÞy i ðw4 þhÞy
e
1
dy
ðB:5Þ
i!
i¼0
"
n4 Z t
ab t
w4n4 þ1
1 X
s
ab t e
e

¼ Inf !4
ab
ðw4 þ hÞn4 þ1
i¼0 y¼0
#
½ðw4 þ hÞy i ðw4 þhab Þy
e
dy .
ðB:6Þ
i!

Since
RIð1Þ ¼ Inf s!4

RIðtÞ ¼

i¼0

ðw4 þ h  ab Þiþ1

i
X
ðw4 þ h  ab Þj tj eðw4 þhab Þt
 1
j!
j¼0

(B.8)

n4
X
RIðtÞ
ðws4 þ hs Þi
¼ 1  eab t  ab eab t
s
iþ1
s
RIð1Þ
i¼0 ðw4 þ h  ab Þ

!
s
s
i
X
ðws4 þ hs  ab Þj tj eðw4 þh ab Þt
1
.
j!
j¼0

"
w4n4 þ1
1  eab t
n4 þ1
ab
ðw4 þ hÞ
n
4
X
ðw4 þ hÞi

 eab t

w4n4 þ1
a1
b
ðw4 þ hÞn4 þ1

this equation yields

Another integration gives
Inf s!4
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Appendix C. Parameters and variables
. ðB:7Þ
State variables and parameter values (Tables 2 and 3).

Table 2
State variables
Variablea
Normal value

Typea

[Reference]/
(Equation)

Ratio of G0 þ G1
to total number
of M 1 cells

45%
(20–45)

Lit

[Dormer et al., 1990]

Ratio of G0 þ G1
to total number
of M 2 cells

45%
(20–45)

Lit

[Dormer et al., 1990]

Ratio of G0 þ G1
to total number
of M 3 cells

75%
(60–75)

Lit

[Dormer et al., 1990]

Compartment

Description

Mitotic

Notation

Total number of
M 1 cells

N1

2:3

107 cells=kg

Opt

Total number of
M 2 cells

N2

3:4

108 cells=kg

Lit

[Dancey et al., 1976]
[Harrison, 1962]

Total number of
M 3 cells

N3

3

Lit

[Dancey et al., 1976]
[Harrison, 1962]

Maturation frequency
of M 3

w3

0:5 steps=h

opt

(6)

Entry rate into
s-phase of M 1

A1

0:081=h

Calc

(10)

109 cells=kg
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Table 2 (continued )
Description

Notation

Variablea
Normal value

Typea

[Reference]/
(Equation)

Entry rate into
s-phase of M 2

A2

0:081=h

Calc

(10)

Entry rate into
s-phase of M 3

A3

0:022=h

Calc

(10)

Total number of cells

N4

7:5 109 cells=kg
(4–10 109 )

Lit

[Dancey et al., 1976],
[Cartwright et al., 1964],
[Liu et al., 1983], (A.10)

Maturation frequency

w4

0:566 steps=h

Calc

(6)

Apoptosis rate

h

0:005=h

Calc

(11)

Blood

Total number of cells

Nb

3 108 cells=kg
(2–5 108 )

Lit

[Mary, 1984],
[Dancey et al., 1976],
(A.10)

G-CSF

G-CSF concentration

G

2.5 pM
(1.5–2.5)

Lit

[de Haas et al., 1994],
(29)

Compartment

Post-mitotic

a
a

Normal human values used as initial conditions.
Type ﬁeld describes three possible data sources: (1) Lit—obtained from the literature. (2) Opt—optimized. (3) Calc—calculated.

Table 3
Parameters values
Compartment

Description

Notation

Const. Value
(Range)

Type

[Reference]/
(Equation)

Mitotic

Cycling time

Tc

15 h

Lit

[Mary, 1984], (18)

b1
Parameters for dependence of
entry rate into s-phase of mitotic
compartments on protein xa

2=h

Opt

(10)

l1

0.001

Opt

(10)

b2

0:8=h

Opt

(10)

l2

0.1

Opt

(10)

b3

2=h

Opt

(10)

l3

1.8

Opt

(10)

Xa

62.18

Opt

(10)

A1

0:92=h

Calc

(10)

A2

0:23=h

Calc

(10)

A3

0:02=h

Calc

(10)
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Table 3 (continued )
Compartment

Description

Notation

Const. Value
(Range)

Type

[Reference]/
(Equation)

Maturationsteps
number—M 1

n1

24 steps

Opt

(4)

Maturation steps
number—M 2

n2

24 steps

Opt

(4)

Maturation steps
number—M 3

n3

50 steps

Opt

(6)

Maturation freq.
of M 1

w1

0:36 steps=h

Opt

(4)

Maturation freq.
of M 2

w2

0:36 steps=h

Opt

(4)

7:13=h

Opt

(1)

ua

0:79

Opt

(1)

Ga

1000 pM

Opt

(1)

aa

0:1=h

Opt

(1)

66:6 steps=h

Opt

(8)

nw

0:8

Opt

(8)

Np

7:3

Opt

(8)

W 3

1:17 steps=h

Calc

(8)

b

3:08

Opt

(8)

c

250 pM

Opt

(8)

Z

0:88=pM

Opt

(11)

H

0:05=h

Calc

(11)

nh

16

Opt

(11)

d

0:1

Opt

(11)

a1

0:1=h

Opt

(1)

l1

10:694=h

Opt

(1)

Parameters for dependence of xa la
on G-CSF conc.

Parameters for dependence of w3 lw
on G-CSF conc. and cellularity
of M 3

Post mitotic

Parameters for dependence of
hðtÞ on G-CSF conc. and
cellularity of PMC

Parameters of dependence of x1
on G-CSF conc.

1010 cells=kg
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Table 3 (continued )
Compartment

Description

Notation

Const. Value
(Range)

Type

[Reference]/
(Equation)

u1

0:685

Opt

(1)

G1

1000 pM

Opt

(1)

a2

0:02=h

Opt

(2)

l2

2:9=h

Opt

(2)

u2

0.58

Opt

(2)

Xp

1000 pM

Opt

(2)

8:4 steps=h

Opt

(9)

m1

1:2

Opt

(9)

X1

173 pM

Opt

(9)

m2

3:6 steps=h

Opt

(9)

m2

1

Opt

(9)

X2

3.5 pM

Opt

(9)

W 4

1:26 steps=h

Calc

(9)

Maturation steps number

n4

95 steps

Opt

(6)

Blood

PMN turnover

ab

0:091=h

Lit

[Dancey et al., 1976],
[Cartwright et al.,
1964],
(A.10)

G-CSF

Endogenous production rate of
G-CSF

Prod

4:83 pM=h

Calc

[Shimazaki, 1995],

Parameters for dependence of
x2 on G-CSF conc.

Parameters for dependence of w4 m1
on x1 and x2

(1–10)

(24)

Receptor association rate

k1

0:015=ðpM hÞ

Lit

[Kuwabara, 1996b],
(24)

Non-speciﬁc clearance rate

aG

0:06=h
(0.01–0.5)

Calc

[Shimazaki, 1995],
(24)

Absorption rate from SC
injection site

aabs

0:208=h

Calc

[Shimazaki, 1995],

(0.01–0.5)
G-CSF receptor production rate n

80 rec=h cell

(24)
Opt

(24)
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